In this work, we study the factorization of the radiative leptonic decays of B − and D − mesons, the 
I. INTRODUCTION
The study of the heavy meson decays is an important field in high energy physics. In recent years, both experimental and theoretical studies have been improved greatly [1] [2] [3] .
However, the limitation in understanding and controlling the non-perturbative effects in strong interaction is so far still a problem. Varies theoretical methods on how to deal with the non-perturbative effects have been developed. An important approach is to separate the hard and soft physics which is known as factorization [4, 5] . This method has been greatly developed in recent years [6] . The idea of factorization is to absorb the infrared (IR) behaviour into the wave-function, the matrix element can be written as the convolution of wave-function and hard kernel
The wave-function should be determined by non-perturbative methods.
The radiative leptonic decay of heavy mesons provides a good opportunity to study the factorization approach, where strong interaction is involved only in one hadronic external state. Except for that, with a photon emitted out, more details about the wave-function of the hadronic bound state can be exploited. Many works has been done on the factorization of this decay mode. In Ref. [7] , the 1-loop QCD correction is calculated in the large energy effective theory, and they found the factorization will depend on the transverse momentum.
In Ref. [8] and [9] , factorization is proved in leading order of 1 /m Q expansion in the frame of QCD factorization [4, 5] , where the heavy quark is treated in the heavy quark effect theory (HQET) [3, 10] . In Ref. [11, 12] , the factorization is constructed using the soft-collinear effective theory (SCET) [13, 14] .
In this work, factorization in the radiative leptonic decays of heavy mesons is revisited.
The work of Ref. [8, 9] is extended by taking into account the contributions of the order of O(Λ QCD /m Q ). The factorization is proved to be still valid explicitly. We also find the factorization is valid at any order of O(Λ QCD /m Q ). The numerical results shows that, the O(Λ QCD /m Q ) correction is very important for the B and D mesons, the correction can be as large as 20% − 30%.
The remainder of the paper is organized as follows. In Sec. II, we discuss the kinematic of the radiative decay and the wave-function. In Sec. III, we present the factorization at tree level. In Sec. IV, the 1-loop corrections of the wave-function are discussed. The factorization at 1-loop order is presented in Sec. V. In Sec. VI, we briefly discuss the resummation of the large logarithms. The numerical results are presented in Sec. VII. And Sec. VIII is a summary.
II. THE KINEMATIC
The B or D meson is constituted with a quark and an anti-quark, where one of the quarks is a heavy quark, and the other is a light quark. The Feynman diagrams at tree level of the radiative leptonic decay can be shown as 
where pq and p Q are the momenta of the anti-quarkq and quark Q, respectively, p γ , p l and p ν are the momenta of photon, lepton and neutrino, ε γ denotes the polarization vector of photon, and P ν L is defined as γ µ (1 − γ 5 ).
We work in the rest-frame of the meson, and we choose the frame such that the direction of the photon momentum is on the opposite z axis, so the momentum of the photon can be
To study the factorization, we consider the state of two free quark and anti-quark at first.
The wave-function of the two quark and anti-quark state is defined as
where [x, y] denotes the Wilson line [15] . And the matrix element is defined as
The prove of factorization is to prove that, up to 1-loop order, the matrix element can be written as the convolution of the wave-function Φ and a hard-scattering kernel T , where T is IR finite and independent of the external state.
III. TREE LEVEL FACTORIZATION
We start with the matrix elements at tree level. Using the definition of the wave-function in coordinate space
where S and s are spin labels ofq and Q, respectively. We find
And then the matrix element can be written as
With Eqs. (2) and (7), we obtain the hard scattering kernel at tree level as
In the expressions above, we have already assumed to consider the kinematical region E γ ∼ m Q . The polarization vector of the photon does not have 0-component, as a result 
Exchange the Lorentz index in A c , we obtain
We find
This term is also an order of O(Λ QCD /m Q ) contribution.
IV. 1-LOOP CORRECTION OF WAVE-FUNCTION
The expansion of the decay amplitude can be written as [8] 
At the 1-loop level, the amplitude can be written as
The 1-loop corrections of Φ ⊗ T come from the QCD interaction and the Wilson-Line.
The later can be written as [8, 15] [
The corrections are shown in Fig. 2 .
We use Φ (1) q to represent the correction with the gluon from the Wilson Line connected to the light quark external leg. So the correction in Fig. 2 .a. can be written as After the integration, the result is
The procedure of the integration can be found in Appendix A.
Similar to Φ q , the correction in Fig. 2 .b. can be written as
We use Φ Wfc to denote the correction shown in Fig. 2 .c. We find
The corrections shown in Figs. 2d, 2e and 2f can be denoted as Φ box , Φ extQ and Φ extq . We find that, they have the same forms as the free particle 1-loop QCD corrections. 
V. 1-LOOP FACTORIZATION
For simplicity, we denote
The definitions of x, y and z are the same as Ref. [8] at order O(Λ QCD /m Q ) 0 , while w is a new scalar that appears at the order of O(Λ QCD /m Q ) contributions which will be shown later, it represents the effect of the transverse momentum.
To calculate the hard-scattering amplitude, we need to calculate all 1-loop corrections of F a , F b and F c . We take a small mass m q for the light quark to regulate the collinear IR divergences. The soft IR divergences will not appear explicitly in this factorization procedure. We use MS [19] scheme to regulate the ultraviolet (UV) divergences, in D = 4−ǫ demission, we define N UV as
We take the factorization scale the same as the renormalization scale, so we use the same
The Feynman diagrams of the 1-loop corrections of T a are shown in Fig. 3 .
We denote the correction of the electric-magnetic (EM) vertex, the one shown in Fig. 3 .a.
as F (1)EM . To show the effect of the transverse momentum explicitly, we establish the longitudinal part and transverse part separately. The matrix element at tree level can be written as
The transverse part is at order O( Λ QCD / m Q ). The corrections to each part is represented separately as
After performing the momentum-integration, the result is
where
a , which can also be written as Φ
⊥ is calculated in the light-cone coordinate (see also the Appendix.A in Ref. [7] ), the result is
Using Eq. (12), we can obtain the hard-scattering kernel
We find that, the hard-scattering kernel of the longitudinal direction is the same as the result in Ref. [8] .
The correction of the weak vertex is shown in Fig. 3 .b. The result can be written as [20] 
with
In the expressions above, we have already neglected the terms which are irrelevant for the discussion, because they will not contribute to the matrix element up to order O( Λ QCD / m Q ) when convoluted with the distribution amplitudes, due to their Dirac structures [8] . In the rest of this section, we will always use this simplification if possible.
The correction of wave-function is Φ
(1)
a , which can be written as
and
With Eq. (6) and Eq. (12), the hard-scattering kernel can be obtained through the following equation
The correction in Fig. 3 .c. is
We find that the correction of the wave-function also vanishes as Ref. [8] , i. e.
Then we obtain
The corrections of the external legs and the box diagram are equal to the relevant corrections to the wave-functions because we use the renormalization scale equal to the factorization scale, so
The corrections of T b are also order O(Λ QCD /m Q ) contributions as the tree level, the Feynman diagrams of the 1-loop corrections of T b are shown in Fig. 4 .
The correction of the weak vertex is
and the correction of the wave-function is
the hard kernel can be obtained using
The results of the EM vertex is
The results in Fig. 4 .c. is
And the correction of the external legs and the box correction are also equal to each other, so we also have c , we find
and we obtain . We also find that, there are both higher order IR divergences in F and Φ
b . We shall investigate whether those IR divergences can be cancelled.
We concentrate on the IR region of the loop integration, using l ǫ → 0, we find
We also bring back the neglected higher order terms in the numerator of T
b , and the correction of the wave-function is
we find
This result indicates that, the factorization is valid at any order of O(Λ QCD /m Q ), as a result, the valid region of factorization in Ref [8] is extended. The failure of the factorization approach in the light meson decays is due to the bad convergence behaviour in the O(α s ) expansion.
We then concentrate on the contribution of the hard scattering kernel to the amplitude.
The amplitude can be obtained by replacing the wave-function with the one obtained in
Ref.
[16]
The matrix element can be written as
After convolution with the wave-functions of the heavy mesons, some of the terms will have identical contributions to the matrix element up to order O(Λ QCD /m Q ) due to their Dirac structures. As a result, we find that the F µ can be simplified as a function of four different types of Dirac structures, and can be written as
with p q = ( m 2 q + k 2 , − k) and p Q = ( m 2 Q + k 2 , k) denote the on-shell momenta of the light anti-quark and the heavy quark in the bound state. And the K n are defined as 
+2 log 2 y z − 2 log y z log x µ 2 + 2 log 
(55)
with x, y, z and w defined in Eq. (18), and y 1 , y 2 defined in Eq. (27) and Eq. (36).
VI. LARGE LOGARITHM RESUMMATION
In the expression of F µ , large logarithms show up. Those large logarithms need to be resummed so that the result is phenomenologically reliable. We concentrate on the large logarithms at order O(Λ QCD /m Q ) 0 , because terms like Λ QCD log √
are suppressed and not large. In this section, we use y = 2p γ · p Q = 2E γ m Q for simplicity.
We concentrate on C 0 1 , which can also be written as
When µ ∼ m Q , the large logarithms are the same as Ref. [8] . However, when µ is set to µ ∼ m Q Λ QCD , the large logarithms are different from Ref. [8] by
This is because the corrections of wave-functions in this work are not calculated in HQET framework as Ref. [8] , in which m Q will not appear in the result.
A. Renormalization group equation (RGE) evolution
We start with the RGE at order O(Λ QCD /m Q ) 0 , and use the method introduced in Ref. [13] . The RGE of C 0 1 is
with γ(µ) defined as anomalous dimension of C 0 1 , which can be obtained by using the counter terms of C 0 1 K 1 . The counter terms at the order O(Λ QCD /m Q ) 0 can be written as
We can use the counter terms and the β function in QCD to calculate γ(µ)
The result is
With this result, we can solve the RGE of the coefficient. Assume the coefficient can be written as a hard function multiplied by a jet function [9, 21] , so
The RGE of the hard function is
By splitting the coefficient C
1 into H and J, we assume that the natural scale of H is m Q , while the natural scale of J is m Q Λ QCD , which is also the case for γ(µ) with a log(µ 2 /y ) term and a log(µ 2 /z ) term. So we split the γ(µ) such that γ H (µ) is the sum of the log(µ 2 /y ) term and an undetermined constant n ′ , so
Similar as Refs. [8, 14] , we find
The γ H NLO is the same as Refs. [8, 14] , so the solution is
with r =
QCD, N f is the number of the flavour of quarks taken into account, and B can only been derived from 2-loop calculations. In Ref. [14] , by comparing the result with B → X s γ and B → X u lv in Ref. [22] , B is found to be B = C A 67 18
. So the result of H is
B. The resummation
The hard function can be derived by using the method introduced in Ref. [9] . With x γ defined as x γ = 2E γ /m Q , the result iŝ
we also find
With n ′ = 3, the evaluation of the RGE will correctly resum the large logarithms, which can be shown explicitly by expanding the solution of RGE of hard function
+2 log x y log x µ 2 + 3 log
Comparing Eq. (60) and Eq. (64) with Eq. (73), we find that there are no more large logarithms in the remaining terms, which gives the jet function
The γ J (µ) can been obtained by subtracting γ H (µ) from γ(µ)
The solution of RGE of jet function is
We find that, Eq. (76) can also correctly resum the large logarithms which will show up in jet function when µ is evaluated to lower than Λ QCD m Q .
When µ > Λ QCD m Q , the resummed result at order O(α s (Λ QCD /m Q ) 0 ) is 
VII. NUMERICAL APPLICATIONS
The amplitude is derived in Eq. (50), which can be decomposed as [6, 23] 
The contribution in Fig. 1 .c. depends on not only E γ but also on p ν and p l . For simplicity, we treat this term separately, the form factors is written as The relation F A = F V at leading order is explicitly broken at order O(Λ QCD /m Q ) as expected [24] . We evaluate this integral using [16] 
The result of F A,V of B → γeν e is shown in Fig. 6 , the O(Λ QCD /E γ ) contribution is more important at the region E γ → 0 which is clearly shown in the figure. The numerical results of F A,V are inconvenient to use when calculate the decay widths. For simplicity, we use some simple forms to fit the numerical results. For the form factors at the order
, we use the single-pole form Ref [17] the form factors are fitted as
The predicted results for the form factors are more reliable at the region E γ ≫ Λ QCD because we have neglected the higher order terms of Λ QCD /E γ in the numerical calculation, so we choose the region E γ > 2Λ QCD to fit the parameters in Eqs. (81) and (82). The fitting is given in Table. I and shown in Fig. 7 . and Fig. 8 . On the other hand, F c can be related to the decay constant [16, 17] by Using the fitted result of F A , F V , the result of F c , and using the Cabibbo -KobayashiMaskawa (CKM) matrix elements [25, 26] V cd = 0.226, V ub = 0.0047
we obtain the result for the branching ratios. There are IR divergences in the radiative leptonic decays in the case that the photon is soft or the photon is collinear with the emitted lepton. Theoretically this IR divergences can be canceled by adding the decay rate of the radiative leptonic decay with the pure leptonic decay rate, in which one-loop correction is included [27] . The radiative leptonic decay can not be distinguished from the pure leptonic decay in experiment when the photon energy is smaller than the experimental resolution to the photon energy. So the decay rate of the radiative leptonic decay depend on the experimental resolution to the photon energy E γ which is denoted by ∆E γ . The dependence of the branching ratios on the resolution are listed in Table. II.
Using ∆E γ = 10MeV [28] , the branching ratios are given in Table. III. We find that, in general, the 1-loop results are smaller than the tree level results. The 1-loop correction is found to be important. For B meson, the correction to the decay amplitude at the order O(Λ QCD /m Q ) 0 is about 10% to 30% due to the large logarithms. contributions is much more important, it is necessary to include higher order corrections in Λ QCD /m Q expansion.
VIII. CONCLUSION
In this paper, we study the factorization of the radiative leptonic decays of B − and D − mesons. Compared with the work in Ref. [8] , the factorization is extended to include the O(Λ QCD /m Q ) contributions, and the transverse momentum is also considered. The factorization is proved explicitly at 1-loop order, the valid region of the factorization is extended. The hard kernel at order O(α s Λ QCD /m Q ) is obtained. We use the wave function obtained in Ref. [16] to derive the numerical results. The branching ratios of B − → γeν is found to be at the order of 10 −6 , which is close to the previous works [7, 17, [29] [30] [31] . In the previous works, the results of D mesons are different from each other from 10 −3 to 10 −6 , our results agree with 10 −5 .
We also find that the O(Λ QCD /m Q ) contribution is very important even for B meson, the correction to the decay amplitude is about 20% − 30%, which can affect the branching ratios about 50%. This is because of the importance of O(Λ QCD /E γ ) contributions. In previous works, O(Λ QCD /E γ ) contributions is neglected. For a typical region, E γ ∼ m Q /4 , which is also the leading region of the phase space of the tree level, the neglected contributions can be up to 20%. As a result, the correction to the branching ratios can be up to 40% at tree level.
The Lie algebra leads to 
